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Chapter 16
Markov Processes

Learning Objectives
1.
Learn about the types of problems that can be modeled as Markov processes.

2.
Understand the Markov process approach to the market share or brand loyalty problem.

3.
Be able to set up and use the transition probabilities for specific problems.

4.
Know what is meant by the steady-state probabilities.

5.
Know how to solve Markov processes models having absorbing states.

6.
Understand the following terms:


state of the system


transition probability


state probability


steady-state probability


absorbing state


fundamental matrix

Solutions:
1.

	State
	
	
	
	
	
	
	
	
	
	
	
	Large

	Probability
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	( n

	(1 (n)
	 0.5
	0.55
	0.585
	0.610
	0.627
	0.639
	0.647
	0.653
	0.657
	0.660
	0.662
	( 2/3

	(2 (n)
	 0.5
	0.45
	0.415
	0.390
	0.373
	0.361
	0.353
	0.347
	0.343
	0.340
	0.338
	( 1/3




Probabilities are approaching (1 = 2/3 and (2 = 1/3.

2.
a.
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b.
(1 = 0.5, (2 = 0.5


c.
P =  
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  (1 = .6, (2 = .4

3.
a.
0.10


b.
(1 = 0.75,
(2 = 0.25

4.
a.
(1 = 0.92,
(2 = 0.08


b.
Without component:

Expected Cost = 0.25 ($500) = $125



With component:

Expected Cost = 0.08 ($500) = $ 40



Breakeven Cost = $125 - $40 = $85 per hour.

5.
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a.
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P (Delay 60 minutes) = (0.75)(0.75) = 0.5625


b.
(1  =  0.85 (1  +  0.25 (2 



(2  =  0.15 (1  +  0.75 (2 



(1  +  (2  =  1



Solve for (1  =  0.625 and (2  =  0.375


c.
This assumption may not be valid.  The transition probabilities of moving to delay and no delay states may actually change with the time of day.

6.
a.
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b.
(1  =  0.98 (1  +  0.01 (2

(1)



(2  =  0.02 (1  +  0.99 (2

(2)



(1  +  (2  =  1


(3)



Solving equations (1) and (3) provides




0.02 (1  -  0.01 (2  =  0




(2  =  1 - (1


Thus, 
0.02 (  -  0.01 (1  -  (1)  =  0




0.03 (1  -  0.01  =  0




(1  =  0.333



and
(2  =  1  -  0.333  =  0.667


c.
The area will show increases in the suburb population and decreases in the city population.  The current 40% in the city is expected to drop to around 33%.

7.
a.
Let
(1  =  Murphy’s steady-state probability




(2  =  Ashley’s steady-state probability




(3  =  Quick Stop’s steady-state probability



(1  =  0.85 (1  +  0.20 (2  +  0.15 (3
(1)



(2  =  0.10 (1  +  0.75 (2  +  0.10 (3
(2)



(3  =  0.05 (1  +  0.05 (2  +  0.75 (3
(3)



(1  +  (2  +  (3  =  1



Using 1, 2, and 4 we have



 0.15 (1  -  0.20 (2  -  0.15 (3
=  0



-0.10 (1  -  0.25 (2  -  0.10 (3
=  0




           (1  +  (2  +  (3
=  1



Solving three equations and three unknowns gives  (1  =  0.548, (2  =  0.286, and (3  =  0.166


b.
16.6%


c.
Murphy’s 548, Ashley’s 286, and Quick Stop’s 166.  Quick Stop should take 667 - 548  =  119  Murphy’s customers and 333 - 286  =  47  Ashley’s customers.

8.
a.
Only 5% of MDA customers switch to Special B while 10% of Special B customers switch to MDA


b.
(1  =  0.333, (2  =  0.667

9.


	(1
	=
	0.80(1
	+
	0.05(2
	+
	0.40(3
	[1]

	(2
	=
	0.10(1
	+
	0.75(2
	+
	0.30(3
	[2]

	(3
	=
	0.10(1
	+
	0.20(2
	+
	0.30(3
	[3]

	also
	
	
	
	
	
	
	

	(1 + (2 + (3 = 1
	
	
	
	
	
	[4]




Using equations 1,2 and 4, we have (1 = 0.442, (2 = 0.385, and  (3 = 0.173.



The Markov analysis shows that Special B now has the largest market share.  In fact, its market share has increased by almost 11%.  The MDA brand will be hurt most by the introduction of the new brand, T-White.  People who switch from MDA to T-White are more likely to make a second switch back to MDA. 

10.
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0.59 probability state 3 units end up in state 1;



0.52 probability state 4 units end up in state 1.

11.
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$1729 in bad debts.

12.
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13.
a.
Retirement and leaves for personal reasons are the two absorbing states since both result in the manager leaving the company.


b.
Middle Managers:



Probability of retirement  =  0.03



Probability of leaving (personal)  =  0.07



Probability of staying middle manager  =  0.80



Probability of promotion to senior manager  =  0.10


c.
Senior Managers:



Probability of retirement  =  0.08



Probability of leaving (personal)  =  0.01



Probability of staying middle manager  =  0.03



Probability of promotion to senior manager  =  0.88


d.
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55.2% will retire and 44.8% will leave for personal reasons.
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e.




579 will retire (63%) and 341 will leave (37%).

14.
a.
Graduating and dropping out are the two absorbing states.


b.
Probability of dropping out  =  0.15



Probability of staying a sophomore next year  =  0.10



Probability of becoming a junior next year  =  0.75



All other transition probabilities are zero.


c.
Due to the size of the problem, The Management Scientist software was used to make the Markov process calculations.




P (Graduate)  =  0.706    P (Drop Out)  =  0.294


d.
Yes; for freshman,  P (Graduate)  =  0.54 and P (Drop Out)  =  0.46.  Thus about half of the freshman will not make graduation day.


e.
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  =  
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1479 students (74%) will eventually graduate.

� EMBED Equation  ���
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