Chapter 3

Probability Distributions

Learning Objectives

1.
Understand the concepts of a random variable and a probability distribution.

2.
Be able to distinguish between discrete and continuous random variables.

3.
Be able to compute and interpret the expected value, variance, and standard deviation for a discrete random variable.

4.
Be able to compute probabilities using a binomial probability distribution.

5.
Be able to compute probabilities using a Poisson probability distribution.

6.
Understand the difference between how probabilities are computed for discrete and continuous random variables.

7.
Know how to compute probability values for a continuous uniform probability distribution and be able to compute the expected value and variance for such a distribution.

8.
Be able to compute probabilities using a normal probability distribution.  Understand the role of the standard normal distribution in this process.

9.
Be able to compute probabilities using an exponential probability distribution.

Solutions:
1.
a.
values:
0,1,2,...,20




discrete


b.
values:
0,1,2,...




discrete


c.
values:
0,1,2,...,50




discrete


d.
values:
0  x  8




continuous


e.
values:
x  0




continuous

2.
a.
f (200)
= 1 - f (-100) - f (0) - f (50) - f (100) - f (150) 




= 1 - 0.95 = 0.05



This is the probability MRA will have a $200,000 profit.


b.
P(Profit)
= f (50) + f (100) + f (150) + f (200)




= 0.30 + 0.25 + 0.10 + 0.05 = 0.70


c.
P(at least 100)
= f (100) + f (150) + f (200)




= 0.25 + 0.10 + 0.05 = 0.40

3.
a.

	x
	        f (x)

	1
	3/20 = 0.15

	2
	5/20 = 0.25

	3
	8/20 = 0.40

	4
	4/20 = 0.20

	
	 1.00



b.
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c.
f (x)    0  for x  =  1,2,3,4.



 f (x)  =  1

4.
a.

	x
	f (x)
	x f (x)

	3
	 .25
	 .75

	6
	 .50
	3.00

	9
	 .25
	 2.25

	
	1.00
	6.00




E (x)  =    =  6.00


b.

	x
	x - 
	(x - )2
	f (x)
	(x - )2 f (x)

	3
	-3
	9
	.25
	2.25

	6
	 0
	0
	.50
	0.00

	9
	 3
	9
	.25
	2.25

	
	
	
	
	4.50




Var (x)  =  2  =  4.50


c.
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5.
a.


	x
	f (x)

	1
	0.05

	2
	0.09

	3
	0.03

	4
	0.42

	5
	0.41

	
	1.00



b.


	x
	f (x)

	1
	0.04

	2
	0.10

	3
	0.12

	4
	0.46

	5
	0.28

	
	1.00



c.
P(4 or 5) = f (4) + f (5) = 0.42 + 0.41 = 0.83


d.
Probability of very satisfied: 0.28


e.
Senior executives appear to be more satisfied than middle managers.  83% of senior executives have a score of 4 or 5 with 41% reporting a 5.  Only 28% of middle managers report being very satisfied.

6.
a/b.

	x
	f (x)
	xf (x)
	x - 
	(x - )2
	(x - )2 f (x)

	0
	0.04
	0.00
	-1.84
	3.39
	0.12

	1
	0.34
	0.34
	-0.84
	0.71
	0.24

	2
	0.41
	0.82
	0.16
	0.02
	0.01

	3
	0.18
	0.53
	1.16
	1.34
	0.24

	4
	0.04
	0.15
	2.16
	4.66
	0.17

	Total
	1.00
	1.84
	
	
	0.79
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	E(x)
	
	
	Var(x)



c/d. 

	y
	f (y)
	yf (y)
	y - 
	(y - )2
	(y - )2 f (y)

	0
	0.00
	0.00
	-2.93
	8.58
	0.01

	1
	0.03
	0.03
	-1.93
	3.72
	0.12

	2
	0.23
	0.45
	-0.93
	0.86
	0.20

	3
	0.52
	1.55
	0.07
	0.01
	0.00

	4
	0.22
	0.90
	1.07
	1.15
	0.26

	Total
	1.00
	2.93
	
	
	0.59
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	E(y)
	
	
	Var(y)



e.
The number of bedrooms in owner-occupied houses is greater than in renter-occupied houses. The expected number of bedrooms is 1.09 = 2.93 - 1.84 greater. And, the variability in the number of bedrooms is less for the owner-occupied houses.

7.
a.
E(x)
= (xf (x)




= 300(0.20) + 400(0.30) + 500(0.35) + 600(0.15)




= 445




The monthly order quantity should be 445 units.


b.
Cost:
445 @ $50 = $22,250



Revenue:
300 @ $70 =   21,000




                       $ 1,250 Loss


c.

	x
	f (x)
	(x - µ)
	(x - µ)2
	
	(x - µ)2f (x)

	300
	0.20
	-145
	21025
	
	4205.00

	400
	0.30
	- 45
	 2025
	
	 607.50

	500
	0.35
	+ 55
	 3025
	
	1058.75

	600
	0.15
	+155
	24025
	
	3603.75

	
	
	
	
	2 = 9475.00

	
	
	
	
	 = 
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8.
a.


	Medium:

	E(x)
	=  (xf (x)

	
	
	=  50(0.20) + 150(0.50) + 200(3.0) = 145

	Large:
	E(x)
	=  (xf (x)

	
	
	=  0(0.20) + 100(0.50) + 300(0.30) = 140

	 
	 
	Medium preferred.



b.
Medium
	x
	f (x)
	(x - µ)
	(x - µ)2
	(x - µ)2f (x)

	50
	0.20
	-95
	9025
	1805.0

	150
	0.50
	5
	25
	  12.5

	200
	0.30
	55
	3025
	 907.5

	
	
	
	
	 2 = 2725.0




Large

	x
	f (x)
	(x - µ)
	(x - µ)2
	(x - µ)2f (x)

	  0
	0.20
	-140
	19600
	 3920

	100
	0.50
	- 40
	 1600
	  800

	300
	0.30
	 160
	25600
	  7680

	
	
	
	
	 2 = 12,400




Medium preferred due to less variance.

9.
a.
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b.
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c.
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d.
P (x    1)  =  f (1) + f (2)  =  .48 + .16  =  .64


e.
E (x)  =  n p  =  2 (.4)  =  .8



Var (x)  =  n p  (1 - p)  =  2 (.4) (.6)  =  .48
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10.
a.
f (0)  =  .3487


b.
f (2)  =  .1937


c.
P(x    2)  =  f (0) + f (1) + f (2)  =  .3487 + .3874 + .1937  =  .9298


d.
P(x    1)  =  1 - f (0)  =  1 - .3487  =  .6513


e.
E (x)  =  n p   =  10 (.1)  =  1


f.
Var (x)  =  n p  (1 - p)  =  10 (.1) (.9)  =  .9
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11.
a.
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b.
P(at least 2) 
= 1 - f(0) - f(1) 







=
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=
1 - .2084 - .3735 = .4181


c.
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12.
a.
Probability of a defective part being produced must be .03 for each trial; trials must be independent.


b.
2 outcomes result in exactly one defect.


c.
P (no defects)  =  (.97) (.97)  =  .9409



P (1 defect)  =  2 (.03) (.97)  =  .0582



P (2 defects)  =  (.03) (.03)  =  .0009

13.
a.
0.90



b.
P(at least 1)
=  f (1) + f (2)



                     f (1)
= 
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=  2 (0.9) (0.1)  =  0.18



                    f (2)
= 
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=  1 (0.81) (1)  =  0.81




(P(at least 1) = 0.18 + 0.81 = 0.99




Alternatively




P(at least 1) 
=  1 - f (0)





=
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(P(at least 1)
=  1 - 0.01 = 0.99



c.
P(at least 1)
= 1 - f (0)



                    f (0)
= 
[image: image19.wmf]03
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(P(at least 1)= 1 - 0.001 = 0.999


d.
Yes; P(at least 1) becomes very close to 1 with multiple systems and the inability to detect an attack would become catastrophic.

14.
a.
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b.
  =  6  for 3 time periods


c.
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d.
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e.
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f.
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15.
a.
  =  48 (5 / 60)  =  4
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b.
  =  48 (15 / 60)  =  12
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c.
  =  48 (5 / 60)  =  4      I expect 4 callers to be waiting after 5 minutes.
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The probability  none will be waiting after 5 minutes is .0183.


d.
  =  48 (3 / 60)  =  2.4
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The probability of no interruptions in 3 minutes is .0907.

16.
a.

[image: image29.wmf]07

7

7

(0).0009

0!

e

fe

-

-

===



b.
probability = 1 - [f(0) + f(1)]
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probability = 1 - [.0009 + .0064] = .9927


c.
( = 3.5
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probability = 1 - f(0) = 1 - .0302 = .9698


d.
probability
= 1 - [f(0) + f(1) + f(2) + f(3) + f(4)]







= 1 - [.0009 + .0064 + .0223 + .0521 + .0912]







= .8271


Note: Appendix B was used to compute the Poisson probabilities f(0), f(1), f(2), f(3) and f(4) in    part (d).

17.
a.
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b.
f (0) + f (1) + f (2) + f(3)



f (0)
=  0.000045 (part a)



f (1)
= 
[image: image33.wmf]110
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Similarly, f (2) = 0.00225, f (3) = 0.0075



( f (0) + f (1) + f (2) + f (3) = 0.010245


c.
15 second period, ( 2.5 arrivals/15 second period
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d.
1 - f (0) = 1 - 0.0821 = 0.9179

18.
a.
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b.
P(x = 1.25) = 0.  the probability of any single point is zero since the area under the curve above any single point is zero.


c.
P(1.0  x  1.25) = 2(0.25) = 0.50


d.
P(1.20 < x < 1.5) = 2(0.30)= 0.60

19.
a.
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b.
P(x    130)  =  (1/20) (130 - 120)  =  0.50


c.
P(x  > 135)
=  (1/20) (140 - 135)  =  0.25  


d.
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20.
a.
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b.
P(0.25 < x < 0.75) = 1(0.50) = 0.50


c.
P(x  0.30) = 1(0.30) = 0.30


d.
P(x > 0.60) = 1(0.40) = 0.40

21.
a.
0.2967


b.
0.4418


c.
0.5000 - 0.1700 = 0.3300


d.
0.0910 + 0.5000 = 0.5910


e.
0.3849 + 0.5000 = 0.8849


f.
0.5000 - 0.2612 = 0.2388

22.
a.
Using the table of areas for the standard normal probability distribution, the area of 0.4750 corresponds to z = 1.96.


b.
Using the table, the area of 0.2291 corresponds to z = 0.61.


c.
Look in the table for an area of 0.5000 - 0.1314 = 0.3686.  This provides z = 1.12.


d.
Look in the table for an area of 0.6700 - 0.5000 = 0.1700.  This provides z = 0.44.

23.
a.
Look in the table for an area of 0.5000 - 0.2119 = 0.2881.  Since the value we are seeking is below the mean, the z value must be negative.  Thus, for an area of 0.2881, z = -0.80.


b.
Look in the table for an area of 0.9030/2 = 0.4515; z = 1.66.


c.
Look in the table for an area of 0.2025/2 = 0.1026; z = 0.26.


d.
Look in the table for an area of 0.9948- 0.5000 = 0.4948; z = 2.56.


e.
Look in the table for an area of 0.6915 - 0.5000 = 0.1915.  Since the value we are seeking is below the mean, the z value must be negative.  Thus, z = -0.50.

24.
a.
At x = 180
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At x = 220
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 Area









0.1915










0.1915






     P(180  x  220) =
0.3830


b.
At x = 250
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Area = 0.3944




               P(x  250) = 0.5000 - 0.3944 = 0.1056


c.
At x = 100
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Area = 0.4938




               P(x  100) = 0.5000 - 0.4938 = 0.0062


d.
At x = 250




  
z = 1.25



Area = 0.3944



At x = 225
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Area = 0.2341




      P(225  x  250) = 0.3944 - 0.2341 = 0.1603

25.

( = 30 and (  = 8.2


a.
At x = 40, 
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P(z ( 1.22) =.5000 + .3888 = .8888



P(x  40) = 1 - .8888 = .1112


b.
At x = 20, 
[image: image45.wmf]2030

1.22

8.2

z

-

==-




P(z > -1.22) =.5000 + .3888 = .8888



P(x ( 20) = 1 - .8888 = .1112


c.
A z-value of 1.28 cuts off an area of approximately 10% in the upper tail.



x = 30 + 8.2(1.28) = 40.50



A stock price of $40.50 or higher will put a company in the top 10%

26.
a.
At x  =  20
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At x  =  40
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 Area









.3413









.4332






                P(20    x    40)  =  .7745


b.
At z  =  1.04 we have an area of .1492 or approximately .15 in the upper tail.
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Therefore x  =  8(1.04) + 28  =  36.32.  An account should be sent a reminder letter after 37 days.



c.
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Area  =  .3106




Therefore .5 - .3106  =  .19 or 19% of the accounts will receive the discount.

27.
a.
At x = 800
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From tables, P(x  800) is 0.5000 - 0.4525 = 0.0475




or 4.75% of customers



b.
At x = 200
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From tables, P(x < 200) is 0.5000 - 0.4901 = 0.0099




or 0.99% of customers



c.
P(300 < x < 700) is 0.7938.




or 79.38% of customers



d.
At z = 1.645 we have an area of 0.05 in the upper tail.
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= 550 + 246.75




                               

= 796.75



The bank should not pay interest on balances below $796.75.  In practice this amount would probably be rounded off to $800.00.

28.

 = 0.6




At 2%




z = -2.05
  x = 18


[image: image53.wmf]x

z

m

s

-

=

   
[image: image54.wmf]18

2.05

0.6

m

-

\-=






µ = 18 + 2.05(0.6) = 19.23 oz. 
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The mean filling weight must be 19.23 oz.

29.
a.
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b.
P(x    2)  =  1 - e-2/3  =  1 - .5134  =  .4866



c.
P(x    3)  =  1 - P(x    3)  =  1 - (1 - e-3/3)  =  e-1  =  .3679



d.
P(x    5)  =  1 - e-5/3  =  1 - .1889  =  .8111



e.
P(2    x    5)  =  P(x    5) - P(x    2) =  .8111 - .4866 =  .3245

30.
a.
P(x   10)  =  1 - e-10/20  =  .3935


b.
P(x    30)  =  1 - P(x    30) = 1 - (1 - e-30/20 )  =  e-30/20  =  .2231


c.
P(10    x    30)  
=  P(x    30) - P(x    10) 





=  (1 - e-30/20 ) - (1 - e-10/20 )  





= e-10/20 - e-30/20  





= .6065 - .2231  = .3834
31.
a.
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b.
P(x  12) = 1 - e-12/12 = 0.6321


c.
P(x  6) = 1 - e-6/12 = 0.3935


d.
P(x  30) = 1 -P(x < 30)






= 1 - (1 - e-30/12)






= 0.0821

32.
a.
50 hours


b.
P(x  25) = 1 - e-25/50 = 0.3935


c.
P(x  100) = 1 -(1 - e-100/50) = 0.1353

33.
a.
1/µ = 0.5    therefore µ = 2 minutes


b.
Note: 30 seconds = 0.5 minutes



P(x  0.5) = 1 - e -0.5/2 = 0.2212


c.
P(x  1) = 1 - e -1/2 = 0.3935


d.
P(x  5) = 1 - P(x < 5)  = 1 - (1 - e -5/2)  = 0.0821

34.
a.
P(x    2)  =  1 - e-2/2.78  =  .5130


b.
P(x    5)  =  1 - P(x    5)  =  1 - (1 - e-5/2.78 ) = e-5/2.78  =  .1655


c.
P(x    2.78)  =  1 - P(x    2.78)  =  1 - (1 - e-2.78/2.78 ) = e-1  =  .3679



This may seem surprising since the mean is 2.78 minutes.  But, for the exponential distribution, the probability of a value greater than the mean is significantly less than the probability of a value less than the mean.
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